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Àííîòàöèÿ. Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ êëàññè÷åñêîãî ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ ëèíåéíî-
ãî îäíîðîäíîãî íåñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà, îïåðàòîð êîòîðîãî ïðåäñòàâëÿåò
ñîáîé ÷åòûðåõêðàòíóþ êîìïîçèöèþ îäíîãî è òîãî æå îïåðàòîðà ïåðâîãî ïîðÿäêà, ñ ïîñòîÿííûìè êîýôôèöè-
åíòàìè è ÷åòûðåõêðàòíîé õàðàêòåðèñòèêîé. Äëÿ êîððåêòíîé ïîñòàíîâêè äàííîé çàäà÷è ãðàíè÷íûå óñëîâèÿ
çàäàþòñÿ íå íà âñåé áîêîâîé ãðàíèöå, ÷òî ÿâëÿåòñÿ åå îñîáåííîñòüþ. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçó-
åòñÿ ìåòîä õàðàêòåðèñòèê. Ñîãëàñíî ýòîìó ìåòîäó, â îáùåì ðåøåíèè èñõîäíîãî óðàâíåíèÿ ïðèñóòñòâóþò
÷åòûðå íåèçâåñòíûå ôóíêöèè, êîòîðûå íà îáëàñòè îïðåäåëåíèÿ íàõîäÿòñÿ èç íà÷àëüíûõ è ãðàíè÷íûõ óñëî-
âèé. Êëàññè÷åñêîå ðåøåíèå ïîñòðîåíî äëÿ ñëó÷àÿ îòñóòñòâèÿ ïðîèçâîäíûõ ìëàäøèõ ïîðÿäêîâ. Ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ ãëàäêîñòè è ñîãëàñîâàíèé ãðàíè÷íûõ óñëîâèé ñ íà÷àëüíûìè óñëîâèÿìè è óðàâíåíèåì.
Ãëàäêîñòü èñõîäíûõ äàííûõ íóæíà äëÿ ÷åòûðåæäû íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ðåøåíèÿ. Óñëîâèÿ
ñîãëàñîâàíèÿ íóæíû äëÿ ÷åòûðåæäû íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ðåøåíèÿ íà êðèòè÷åñêîé õàðàêòå-
ðèñòèêå. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ ýòîé ñìåøàííîé çàäà÷è.
Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû â òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè è â âû÷èñ-
ëèòåëüíîé ìàòåìàòèêå.

Êëþ÷åâûå ñëîâà: íåñòðîãî ãèïåðáîëè÷åñêîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà, ñìåøàííàÿ çàäà÷à, êëàññè÷å-
ñêîå ðåøåíèå, ìåòîä õàðàêòåðèñòèê, óñëîâèÿ ãëàäêîñòè è ñîãëàñîâàíèÿ.
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Abstract. In the work is constructed the classical solution of mixed value problem for not strictly hyperbolic
homogeneous equation of the fourth order with constant coe�cients and the multiple characteristics. We use
the method of characteristics to solve this problem. According to this method, general solution of the equation
contains the sum of four functions, which are found from initial and boundary conditions. This general solution
is constructed for the both cases: with the presence or absence derivatives of lower orders. We obtained matching
conditions for initial and boundary conditions. These conditions follow from the requirement of four times
continuous di�erentiability of the solution taking into account smoothness of the functions. A theorem on the
existence of a unique classical solution has been proved. The obtained results can be used in the theory of
di�erential equations with partial derivatives and in the computational mathematics.
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Ââåäåíèå. Íåñòðîãî ãèïåðáîëè÷åñêèå óðàâíåíèÿ îáëàäàþò ðÿäîì îñîáåííîñòåé, êîòîðûå ïîÿâ-
ëÿþòñÿ ïðè ïîñòàíîâêå è èññëåäîâàíèè íà ðàçðåøèìîñòü ñìåøàííûõ çàäà÷ äëÿ íèõ. Ñðåäè íèõ
íàèáîëåå èçó÷åííîé ÿâëÿåòñÿ çàäà÷à Êîøè. Â ðàáîòå [Èâðèé, Ïåòêîâ, 1974] ïîëó÷åíû íåîáõîäèìûå
óñëîâèÿ êîððåêòíîñòè çàäà÷è Êîøè äëÿ íåñòðîãî ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà.
Íåêîòîðûå ñìåøàííûå çàäà÷è äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà áûëè èññëåäîâàíû [Sakamoto,
1970]. Íà âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà õàðàêòåðèñòèê ïðè ðåøåíèè ñìåøàííûõ çàäà÷ óêàçà-
íî â ðàáîòå [Than, Mikio, Nguen, 2000]. Â ðàáîòàõ [Ëîìîâöåâ, Þð÷óê, 2016] è [Ëîìîâöåâ, 2019]
ìåòîäîì õàðàêòåðèñòèê ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè
ñìåøàííûõ çàäà÷ äëÿ íåñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóõêðàòíîé õàðàê-
òåðèñòèêîé ñîîòâåòñòâåííî â ïåðâîé ÷åòâåðòè è ïîëóïîëîñå ïëîñêîñòè. Â ýòèõ ðàáîòàõ óêàçàíî íà
ïîâûøåíèå òðåáîâàíèé ãëàäêîñòè îò ãðàíè÷íûõ ñ íà÷àëüíûìè äàííûìè è óðàâíåíèåì. Â [×åá, 2017]
ìåòîäîì õàðàêòåðèñòèê ïîëó÷åíî êëàññè÷åñêîå ðåøåíèå ñìåøàííîé çàäà÷è äëÿ íåñòðîãî ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà, îïåðàòîð êîòîðîãî ïðåäñòàâëÿåò ñîáîé êîìïîçèöèþ äâóõ
îïåðàòîðîâ âòîðîãî ïîðÿäêà.

Â äàííîé ðàáîòå âïåðâûå ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà
ñ îäíîé õàðàêòåðèñòèêîé êðàòíîñòè ÷åòûðå. Îñîáåííîñòü èçó÷àåìîé çàäà÷è çàêëþ÷àåòñÿ â òîì, ÷òî
ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ íå íà âñåé áîêîâîé ãðàíèöå.

1. Ïîñòàíîâêà çàäà÷è. Â îáëàñòè Q = (0,∞) × Ω ⊂ R2, R = (−∞,+∞), ïåðåìåííûõ (t, x)
ðàññìîòðèì îòíîñèòåëüíî ôóíêöèè u(t, x) ëèíåéíîå íåñòðîãî ãèïåðáîëè÷åñêîå óðàâíåíèå ÷åòâåð-
òîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â ïðåäïîëîæåíèè, ÷òî ãèïåðáîëè÷åñêèé îïåðàòîð
óðàâíåíèÿ L ïðåäñòàâèì â âèäå êîìïîçèöèè îïåðàòîðîâ ïåðâîãî ïîðÿäêà

Lu ≡
4∏
i=1

(
∂

∂t
− a ∂

∂x

)
u(t, x) = 0, a > 0, (t, x) ∈ Q, ãäå Ω = (0, l), l > 0. (1)

Ê óðàâíåíèþ (1) ïðèñîåäèíèì íà÷àëüíûå óñëîâèÿ

∂ju

∂tj

∣∣∣
t=0

= ϕj(x), x ∈ Ω, j = 0, 1, 2, 3, (2)

è ãðàíè÷íûå óñëîâèÿ

u(t, 0) = µ1(t),
∂u

∂x

∣∣∣
x=0

= µ2(t), t ∈
(
l

a
,+∞

)
, (3)

u(t, l) = ν1(t),
∂u

∂x

∣∣∣
x=l

= ν2(t), t ∈ (0,+∞). (4)

Óñëîâèÿ (3)�(4) âûáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû ñìåøàííàÿ (íà÷àëüíî-ãðàíè÷íàÿ) çàäà÷à (1)�
(4) áûëà êîððåêòíî ïîñòàâëåííîé ïî Àäàìàðó, ò. å. âñåãäà ñóùåñòâîâàëî åäèíñòâåííîå è óñòîé-
÷èâîå ïî èñõîäíûì äàííûì åå êëàññè÷åñêîå ðåøåíèå. Òðåáóåòñÿ ïîñòðîèòü êëàññè÷åñêîå ðåøåíèå
u ∈ C(4)(Q), Q = [0,∞)× [0, l], óðàâíåíèÿ (1) èç êëàññà ÷åòûðåæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ
ôóíêöèé, óäîâëåòâîðÿþùèõ óðàâíåíèþ (1) íà Q â îáû÷íîì ñìûñëå, à íà÷àëüíûì (2) è ãðàíè÷íûì
óñëîâèÿì (3)�(4) â ñìûñëå ïðåäåëîâ çíà÷åíèÿ ðåøåíèÿ u(t, x) âî âíóòðåííèõ òî÷êàõ (t, x) ∈ Q. Íà-
ïðèìåð, äëÿ íà÷àëüíîãî óñëîâèÿ (2) ïðè j = 0 : ∀x ∈ Ω, ∀(tn, xn) ∈ Q, (tn, xn) → (0, x) â R2 ïðè
n→∞ ïîñëåäîâàòåëüíîñòü u(tn, xn)→ ϕ0(x) â R ïðè n→∞. Íàéòè äîñòàòî÷íûå òðåáîâàíèÿ ãëàä-
êîñòè èñõîäíûõ äàííûõ ϕj (j = 0, 3), µ1, µ2, ν1, ν2 è óñëîâèÿ ñîãëàñîâàíèÿ ìåæäó íèìè è óðàâíåíèåì
äëÿ êîððåêòíîé ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è (1)�(4).

2. Ðåøåíèå ñìåøàííîé çàäà÷è. Óðàâíåíèå (1) èìååò îäíî ñåìåéñòâî õàðàêòåðèñòèê x+ at =
C, C ∈ R, êðàòíîñòè ÷åòûðå. Îáëàñòü Q ðàçáèâàåòñÿ õàðàêòåðèñòèêîé x+ at = l íà äâå ïîäîáëàñòè

Q(0) =

{
(t, x) : 0 < t <

l − x
a

, 0 < x < l

}
, Q(1) =

{
(t, x) : t >

l − x
a

, 0 < x < l

}
,

Q = Q(0) ∪Q(1). Ýòó õàðàêòåðèñòèêó x+ at = l áóäåì íàçûâàòü êðèòè÷åñêîé ïî àíàëîãèè ñ ðàáîòîé
[Ëîìîâöåâ, Þð÷óê, 2016].

Èç îïðåäåëåíèÿ êëàññè÷åñêîãî ðåøåíèÿ u ∈ C(4)(Q) çàäà÷è (1)�(4) âûòåêàþò îñíîâíûå îáÿçà-
òåëüíûå òðåáîâàíèÿ ãëàäêîñòè íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ

ϕ0 ∈ C(4)(Ω), ϕ1 ∈ C(3)(Ω), ϕ2 ∈ C(2)(Ω), ϕ3 ∈ C(1)(Ω),

µ1 ∈ C(4)

[
l

a
,∞
)
, µ2 ∈ C(3)

[
l

a
,∞
)
, ν1 ∈ C(4)[0,∞), ν2 ∈ C(3)[0,∞).

(5)
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Âû÷èñëÿÿ ñîîòâåòñòâóþùèå ïðîèçâîäíûå ïî t îò ãðàíè÷íûõ óñëîâèé (4) ïðè t = 0, ïî x èç íà÷àëü-
íûõ óñëîâèé (2) ïðè x = 0, ïîëó÷àåì ïðîñòåéøèå óñëîâèÿ ñîãëàñîâàíèÿ ãðàíè÷íûõ óñëîâèé (4) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è óðàâíåíèåì (1):

dsν1(t)

dts

∣∣∣
t=0

= ϕs(l),
dsν2(t)

dts

∣∣∣
t=0

= ϕ′s(l), s = 0, 1, 2, 3, (6)

ν
(4)
1 (0) = 4aϕ′3(l)− 6a2ϕ′′2(l) + 4a3ϕ

(3)
1 (l)− a4ϕ

(4)
0 (l). (7)

Óñëîâèå ñîãëàñîâàíèÿ (7) âûòåêàåò èç óðàâíåíèÿ (1), íà÷àëüíûõ óñëîâèé (2) è ïåðâîãî ãðàíè÷íîãî
óñëîâèÿ èç (4). Îñòàëüíûå äîñòàòî÷íûå óñëîâèÿ ñîãëàñîâàíèÿ áóäóò ïîëó÷åíû â ïðîöåññå äîêàçà-
òåëüñòâà ñëåäóþùåé òåîðåìû.

Òåîðåìà.Ïóñòü âûïîëíåíû òðåáîâàíèÿ ãëàäêîñòè íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ ϕ0 ∈ C(7)(Ω),

ϕ1 ∈ C(6)(Ω), ϕ2 ∈ C(5)(Ω), ϕ3 ∈ C(4)(Ω), µ1 ∈ C(5)

[
l

a
,∞
)
, ν1 ∈ C(5)[0,∞), µ2 ∈ C(4)

[
l

a
,∞
)
,

ν2 ∈ C(4)[0,∞), è âûïîëíåíû îñíîâíûå óñëîâèÿ ñîãëàñîâàíèÿ (6), (7) è äîïîëíèòåëüíûå óñëîâèÿ
ñîãëàñîâàíèÿ

µi+1

( l
a

)
=

1

6a3

[
6a3ϕ

(i)
0 (l) + 6a2lϕ

(i)
1 (l) + 3al2ϕ

(i)
2 (l) + l3ϕ

(i)
3 (l)− 6a3ϕ

(i+1)
0 (l)

]
+

+
1

6a3

[
−6a2l2ϕ

(i+1)
1 (l)− 3al3ϕ

(i+1)
2 (l) + 3a3l2ϕ

(i+2)
0 (l) + 3a2l3ϕ

(i+2)
1 (l)− a3l3ϕ

(i+3)
0 (l)

]
,

µ′i+1

( l
a

)
=

1

6a2

[
6a2ϕ

(i)
1 (l) + 6alϕ

(i)
2 (l) + 3l2ϕ

(i)
3 (l)

]
+

+
1

6a2

[
−6a2lϕ

(i+1)
1 (l)− 6al2ϕ

(i+1)
2 (l) + l3ϕ

(i+1)
3 (l)

]
+

+
1

6a2

[
3a2l2ϕ

(i+2)
1 (l)− 3al3ϕ

(i+2)
2 (l) + 3a2l3ϕ

(i+3)
1 (l)− a3l3ϕ

(i+4)
0 (l)

]
,

µ′′i+1

( l
a

)
=

1

6a

[
6aϕ

(i)
2 (l) + 6lϕ

(i)
3 (l)− 6alϕ

(i+1)
2 (l) + 6l2ϕ

(i+1)
3 (l)− 15al2ϕ

(i+2)
2 (l)

]
+

+
1

6a

[
l3ϕ

(i+2)
3 (l) + 12a2l2ϕ

(i+3)
1 (l)

]
+

+
1

6a

[
−3al3ϕ

(i+3)
2 (l)− 3a3l2ϕ

(i+4)
0 (l) + 3a2l3ϕ

(i+4)
1 (l)− a3l3ϕ

(i+5)
0 (l)

]
,

µ
(3)
i+1

( l
a

)
=

1

6

[
6ϕ

(i)
3 (l) + 18lϕ

(i+1)
3 (l)− 36alϕ

(i+2)
2 (l)+9l2ϕ

(i+2)
3 (l) + 24a2lϕ

(i+3)
1 (l)

]
+

+
1

6

[
−24al2ϕ

(i+3)
2 (l) + l3ϕ

(i+3)
3 (l)− 6a3lϕ

(i+4)
0 (l)+21a2l2ϕ

(i+4)
1 (l)− 3al3ϕ

(i+4)
2 (l)

]
+

+
1

6

[
−6a3l2ϕ

(i+5)
0 (l) + 3a2l3ϕ

(i+5)
1 (l)−a3l3ϕ

(i+6)
0 (l)

]
, i = 0, 1,

µ
(4)
1

( l
a

)
=
a

6

[
24ϕ′3(l)− 36aϕ′′2(l) + 36lϕ′′3(l) + 24a2ϕ

(3)
1 (l)− 84alϕ

(3)
2 (l) + 12l2ϕ

(3)
3 (l)

]
+

+
a

6

[
−6a3ϕ

(4)
0 (l) + 66a2lϕ

(4)
1 (l)− 33al2ϕ

(4)
2 (l) + l3ϕ

(4)
3 (l)− 18a3lϕ

(5)
0 (l)

]
+

+
a

6

[
30a2l2ϕ

(5)
1 (l)− 3alϕ

(5)
2 (l)− 9a3l2ϕ

(6)
0 (l)+3a2l3ϕ

(6)
1 (l)− a3l3ϕ

(7)
0 (l)

]
,

µ
(4)
2

( l
a

)
− 1

a
µ

(5)
1

( l
a

)
=
a

2

[
−12ϕ′′3(l) + 28aϕ

(3)
2 (l)− 8lϕ

(3)
3 (l)− 22a2ϕ

(4)
1 (l)

]
+

+
a

2

[
22alϕ

(4)
2 (l)− l2ϕ(4)

3 (l) + 6a3ϕ
(5)
0 (l)− 20a2lϕ

(5)
1 (l) + 3alϕ

(5)
2 (l)

]
+

+
a

2

[
6a3lϕ

(6)
0 (l)− 3a2l2ϕ

(6)
1 (l) + a3l2ϕ

(7)
0 (l)

]
,

ν
(5)
1 (0)− aν(4)

2 (0) = 6a2ϕ′′3(l)− 12a3ϕ
(3)
2 (l) + 11a4ϕ

(4)
1 (l)− 3a5ϕ

(5)
0 (l).

(8)

Òîãäà â êëàññå ôóíêöèé C(4)(Q) ñìåøàííàÿ çàäà÷à (1)�(4) èìååò åäèíñòâåííîå êëàññè÷åñêîå
ðåøåíèå

u0(t, x) = ϕ0(x+ at) + t
[
ϕ1(x+ at)− aϕ′0(x+ at)

]
+

1

2
t2
[
ϕ2(x+ at)− 2aϕ′1(x+ at)+

+a2ϕ′′0(x+ at)
]

+
1

6
t3
[
ϕ3(x+ at)− 3aϕ′2(x+ at) + 3a2ϕ′′1(x+ at)− a3ϕ

(3)
0 (x+ at)

]
, (t, x) ∈ Q(0),

(9)

ISSN XXXX-XXXX Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, �1



Î êëàññè÷åñêîì ðåøåíèè ñìåøàííîé çàäà÷è ... 14

u1(t, x) =
(l − x)2(l + 2x)

l3
µ1

(
t+

l

a

)
+
x(l − x)2

l2
µ2

(
t+

l

a

)
+

+
x2(3l − 2x)

l3
ν1

(
t− l − x

a

)
− x2(l − x)

l2
ν2

(
t− l − x

a

)
−

−x(l − x)2

al2
µ
′

1

(
t+

l

a

)
+
x2(l − x)

al2
ν′1

(
t− l − x

a

)
, (t, x) ∈ Q(1).

(10)

Äîêàçàòåëüñòâî.Ìåòîäîì õàðàêòåðèñòèê íàéäåì îáùèé âèä êëàññè÷åñêèõ ðåøåíèé óðàâíåíèÿ
(1) íà Q.

Ëåììà. Îáùåå ðåøåíèå óðàâíåíèÿ (1) íà Q èç êëàññà C(4)(Q) ÷åòûðåæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìûõ ôóíêöèé ïðåäñòàâëÿåòñÿ â âèäå ñóììû

u(t, x) = g1(x+ at) + tg2(x+ at) + t2g3(x+ at) + t3g4(x+ at) (11)

÷åòûðåõ ïðîèçâîëüíûõ ôóíêöèé g1, g2, g3, g4 ∈ C(4)(R) îò àðãóìåíòà x + at, ãäå ôóíêöèè gi :
[0,∞) 3 y → gi(y) ∈ R, i = 1, 2, 3, 4.

Äîêàçàòåëüñòâî ëåììû. Ñäåëàåì çàìåíó ïåðåìåííûõ ξ = x + at, η = t â óðàâíåíèè (1) è

ïðèâåäåì åãî ê êàíîíè÷åñêîìó âèäó
∂4ũ

∂η4
= 0, ãäå ũ(η, ξ) = u(t, x). Èíòåãðèðóÿ ïîñëåäíåå óðàâíåíèå

÷åòûðåæäû ïî ïåðåìåííîé η ïðè êàæäîì ôèêñèðîâàííîì ξ, íàõîäèì ũ(η, ξ) = g1(ξ) + ηg2(ξ) +
η2g3(ξ) + η3g4(ξ). Âîçâðàùàÿñü çäåñü ê ñòàðûì ïåðåìåííûì, ïîëó÷àåì îáùåå ðåøåíèå (11), òàê êàê
ñäåëàííàÿ çàìåíà ïåðåìåííûõ íå âûðîæäåíà. Ëåììà äîêàçàíà.

Èç ëåììû ñëåäóåò, ÷òî äëÿ òîãî, ÷òîáû ðåøèòü çàäà÷ó (1)�(4), íàì íóæíî îïðåäåëèòü ôóíêöèè
gi, i = 1, 2, 3, 4, òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ (2)�(4). Êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)�(4) â
îáëàñòè Q(0) ñîâïàäàåò ñ êëàññè÷åñêèì ðåøåíèåì çàäà÷è Êîøè (1), (2) â Q(0). Íàéäåì åå ðåøåíèå.
Óäîâëåòâîðÿÿ (11) íà÷àëüíûì óñëîâèÿì (2) â óêàçàííîì âûøå ñìûñëå, ïîëó÷àåì ñèñòåìó óðàâíåíèé

g1(x) = ϕ0(x), g2(x) + ag′1(x) = ϕ1(x), 2g3(x) + 2ag′2(x) + a2g′′1 (x) = ϕ2(x),

6g4(x) + 6ag′3(x) + 3a2g′′2 (x) + a3g
(3)
1 (x) = ϕ3(x), x ∈ (0, l).

(12)

Ñèñòåìà (12) ðåøàåòñÿ ñòàíäàðòíûìè ìåòîäàìè, à èìåííî, èç ïåðâîãî óðàâíåíèÿ âûðàæàåì g1,
çàòåì äèôôåðåíöèðóåì ïåðâîå óðàâíåíèå è ïîäñòàâëÿåì g′1 âî âòîðîå, èç êîòîðîãî âûðàæàåì g2

è ò. ä. Íà êàæäîì øàãå ïîëó÷àåòñÿ àëãåáðàè÷åñêîå óðàâíåíèå. Òàêèì îáðàçîì, èç ñèñòåìû (12)
îäíîçíà÷íî îïðåäåëÿþòñÿ ôóíêöèè g1, g2, g3, g4, êîãäà èõ àðãóìåíò y ∈ (0, l). Îáîçíà÷èì èõ ÷åðåç
g

(0)
1 , g

(0)
2 , g

(0)
3 , g

(0)
4 . Òîãäà

g
(0)
1 (y) = ϕ0(y), (13)

g
(0)
2 (y) = ϕ1(y)− aϕ′0(y), (14)

g
(0)
3 (y) =

1

2

[
ϕ2(y)− 2aϕ′1(y) + a2ϕ′′0(y)

]
, (15)

g
(0)
4 (y) =

1

6

[
ϕ3(y)− 3aϕ′2(y) + 3a2ϕ′′1(y)− a3ϕ(3)(y)

]
. (16)

Ñëåäîâàòåëüíî, â ïðåäñòàâëåíèè (11) ïî ôîðìóëàì (13)�(16) ìû îäíîçíà÷íî îïðåäåëèëè gi(y), (i =
1, 4), êîãäà y ∈ (0, l), è òåì ñàìûì ðåøèëè çàäà÷ó Êîøè (1), (2). Åå åäèíñòâåííûì ôîðìàëüíûì
ðåøåíèåì ÿâëÿåòñÿ ôóíêöèÿ

u0(t, x) = g
(0)
1 (x+ at) + tg

(0)
2 (x+ at) + t2g

(0)
3 (x+ at) + t3g

(0)
4 (x+ at), (17)

êîòîðàÿ ïðè ïîäñòàíîâêå â íåå âûðàæåíèé (13)�(16) äëÿ g(0)
i (y) (i = 1, 4) ñîâïàäàåò ñ (9).

Ïîñêîëüêó íàäî, ÷òîáû u0 ∈ C(4)(Q(0)), òî äîñòàòî÷íûå òðåáîâàíèÿ íà ãëàäêîñòü íà÷àëüíûõ
ôóíêöèé èìåþò âèä

ϕ0 ∈ C(7)(Ω), ϕ1 ∈ C(6)(Ω), ϕ2 ∈ C(5)(Ω), ϕ3 ∈ C(4)(Ω). (18)

Êàê âèäíî, óñëîâèÿ (18) îòëè÷àþòñÿ îò óñëîâèé (5). Ïîâûøåíèå òðåáîâàíèé ãëàäêîñòè îáóñëîâëåíî
òåì, ÷òî óðàâíåíèå (1) ÿâëÿåòñÿ íåñòðîãî ãèïåðáîëè÷åñêèì. Òàêàÿ íåîáõîäèìîñòü ïîâûøåíèÿ ãëàä-
êîñòè áûëà ïîäìå÷åíà ïðè ðåøåíèè ñìåøàííîé çàäà÷è äëÿ íåñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà â [Ëîìîâöåâ, Þð÷óê, 2016].

Êàê âèäíî èç àëãîðèòìà âûâîäà ôîðìóëû (17), çàäà÷à Êîøè èìååò åäèíñòâåííîå ðåøåíèå. Ðå-
øèâ çàäà÷ó Êîøè, ìû íàøëè êëàññè÷åñêîå ðåøåíèå èñõîäíîé çàäà÷è â îáëàñòè Q(0). Áóäåì èñêàòü
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òåïåðü êëàññè÷åñêîå ðåøåíèå çàäà÷è â Q(1). Äëÿ îïðåäåëåíèÿ ôóíêöèé gi(y) (i = 1, 4) íà îñòàâøåéñÿ
îáëàñòè îïðåäåëåíèÿ Q(1) âîñïîëüçóåìñÿ ãðàíè÷íûìè óñëîâèÿìè (3)�(4).

Íà êîíöàõ x = 0 è x = l çàäàþòñÿ ãðàíè÷íûå óñëîâèÿ ïî äâà íà êàæäîì, ìîæíî íàéòè ïîýòîìó
çíà÷åíèÿ ôóíêöèé gi(y) (i = 1, 4). Ñíà÷àëà ðàññìîòðèì ëåâóþ ãðàíèöó x = 0. Ïîäñòàâèì â (11) è â
åãî ïåðâóþ ïðîèçâîäíóþ ïî x çíà÷åíèå x = 0 è ïîëó÷èì ñèñòåìó âèäà

g1(at) + tg2(at) + t2g3(at) + t3g4(at) = µ1(t),

g′2(at) + tg′2(at) + t2g′3(at) + t3g′4(at) = µ2(t).
(19)

Â ñèëó òîãî, ÷òî t > l/a, òî àðãóìåíò at > l, ïîýòîìó ñèñòåìà (19) ñîäåðæèò ÷åòûðå íåèçâåñòíûå
ôóíêöèè. Ïðåîáðàçóåì óðàâíåíèÿ â (19). Ñäåëàåì çàìåíó y = at, ïåðâîå óðàâíåíèå ïðîäèôôåðåí-
öèðóåì ïî ïåðåìåííîé y è âû÷òåì èç ïîëó÷åííîãî âòîðîå óðàâíåíèå ñèñòåìû. Ñèñòåìà (19) ïðèìåò
âèä

g1(y) +
y

a
g2(y) +

(y
a

)2

g3(y) +
(y
a

)3

g4(y) = µ1

(y
a

)
,

g2(y) + 2
y

a
g3(y) + 3

(y
a

)2

g4(y) = aµ′1

(y
a

)
− aµ2

(y
a

)
.

(20)

Ïåðåéäåì ê ðàññìîòðåíèþ óñëîâèé íà ïðàâîé ãðàíèöå x = l. Óäîâëåòâîðèâ (11) óñëîâèÿì (4),
ïîëó÷èì

g1(l + at) + tg2(l + at) + t2g3(l + at) + t3g4(l + at) = ν1(t),

g′2(l + at) + tg′2(l + at) + t2g′3(l + at) + t3g′4(l + at) = ν2(t).
(21)

Àíàëîãè÷íî, êàê è â ñèñòåìå (19), ñäåëàåì çàìåíó y = l + at, òîãäà (21) ïðèìåò âèä

g1(y) +
y − l
a

g2(y) +
(y − l

a

)2

g3(y) +
(y − l

a

)3

g4(y) = ν1

(y − l
a

)
,

g2(y) + 2
y − l
a

g3(y) + 3
(y − l

a

)2

g4(y) = aν′1

(y − l
a

)
− aν2

(y − l
a

)
.

(22)

Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ ôóíêöèé gi(y) (i = 1, 4) äëÿ y ∈ (l,∞), ìû ïîëó÷èëè ñèñòåìó
÷åòûðåõ óðàâíåíèé (20), (22) ñ ÷åòûðüìÿ íåèçâåñòíûìè, ðåøàÿ êîòîðóþ îïðåäåëÿåì ýòè ôóíêöèè.
Îáîçíà÷èì èõ ÷åðåç g(1)

1 , g(1)
2 , g(1)

3 , g(1)
4 . Òîãäà

g
(1)
1 (y) =

(l − y)2(l + 2y)

l3
µ1

(y
a

)
+
y(l − y)2

l2
µ2

(y
a

)
+
y2(3l − 2y)

l3
ν1

(y − l
a

)
−

−y
2(l − y)

l2
ν2

(y − l
a

)
− y(l − y)2

al2
µ′1

(y
a

)
+
y2(l − y)

al2
ν′1

(y − l
a

)
,

(23)

g
(1)
2 (y) =

6ay(l − y)

l3
µ1

(y
a

)
− a(l − 3y)(l − y)

l2
µ2

(y
a

)
− 6ay(l − y)

l3
ν1

(y − l
a

)
+

+
ay(2l − 3y)

l2
ν2

(y − l
a

)
+

(l − 3y)(l − y)

l2
µ′1

(y
a

)
− y(2l − 3y)

l2
ν′1

(y − l
a

)
,

(24)

g
(1)
3 (y) = −3(l − 2y)

l3
µ1

(y
a

)
− a2(2l − 3y)

l2
µ2

(y
a

)
+

3a2(l − 2y)

l3
ν1

(y − l
a

)
−

−a
2(l − 3y)

l2
ν2

(y − l
a

)
+
a(2l − 3y)

l2
µ′1

(y
a

)
+
a(l − 3y)

l2
ν′1

(y − l
a

)
,

(25)

g
(1)
4 (y) = −2a3

l3
µ1

(y
a

)
− a3

l2
µ2

(y
a

)
+

2a3

l3
ν1

(y − l
a

)
−

−a
3

l2
ν2

(y − l
a

)
+
a2

l2
µ′1

(y
a

)
+
a2

l2
ν′1

(y − l
a

)
.

(26)

Èç ôîðìóë (23)�(26) âèäíî, ÷òî ôóíêöèè g(1)
i (i = 1, 4) â ïðåäñòàâëåíèè (11) îïðåäåëÿþòñÿ åäèí-

ñòâåííûì îáðàçîì, ïîýòîìó ôîðìàëüíîå ðåøåíèå èñõîäíîé çàäà÷è â îáëàñòè Q(1) îïðåäåëÿåòñÿ
îäíîçíà÷íî è èìååò âèä

u1(t, x) = g
(1)
1 (x+ at) + tg

(1)
2 (x+ at) + t2g

(1)
3 (x+ at) + t3g

(1)
4 (x+ at), (27)

ãäå g(1)
i , i = 1, 4, íàõîäÿòñÿ ïî ôîðìóëàì (23)�(26). Ïîäñòàâèâ èõ, ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì

ôîðìóëó (10). Èç-çà íåñòðîãîé ãèïåðáîëè÷íîñòè óðàâíåíèÿ (1) äëÿ òîãî, ÷òîáû u1 ∈ C(4)(Q(1))
äîñòàòî÷íî ãëàäêîñòè ãðàíè÷íûõ äàííûõ µi, ν1 íà åäèíèöó áîëüøå, ÷åì óêàçàíî â (5). Èç âûâîäà
ôîðìóëû (27) âûòåêàåò åäèíñòâåííîñòü ðåøåíèÿ (10) ýòîé ãðàíè÷íîé çàäà÷è.
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Ðåøåíèå u(t, x) â îáëàñòè Q îïðåäåëÿåòñÿ äâóìÿ ôîðìóëàìè: u0(t, x), åñëè (t, x) ∈ Q(0), è u1(t, x),
åñëè (t, x) ∈ Q(1). Òåïåðü íóæíî ïîêàçàòü, ÷òî íà õàðàêòåðèñòèêå x+at = l ðåøåíèÿ (9) è (10) íåïðå-
ðûâíû è èìåþò íåïðåðûâíûå ïðîèçâîäíûå äî ÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî, ò. å. âûïîëíÿþòñÿ
ñëåäóþùèå ñîîòíîøåíèÿ:

u0(t, l − at) = u1(t, l − at), ∂
su0

∂ts

∣∣∣
x=l−at

=
∂su1

∂ts

∣∣∣
x=l−at

,
∂su0

∂xs

∣∣∣
x=l−at

=
∂su1

∂xs

∣∣∣
x=l−at

, s = 1, 2, 3, 4,

∂2u0

∂t∂x

∣∣∣
x=l−at

=
∂2u1

∂t∂x

∣∣∣
x=l−at

,
∂3u0

∂t2∂x

∣∣∣
x=l−at

=
∂3u1

∂t2∂x

∣∣∣
x=l−at

,
∂3u0

∂t∂x2

∣∣∣
x=l−at

=
∂3u1

∂t∂x2

∣∣∣
x=l−at

,

∂4u0

∂t3∂x

∣∣∣
x=l−at

=
∂4u1

∂t3∂x

∣∣∣
x=l−at

,
∂4u0

∂t2∂x2

∣∣∣
x=l−at

=
∂4u1

∂t2∂x2

∣∣∣
x=l−at

,
∂4u0

∂t∂x3

∣∣∣
x=l−at

=
∂4u1

∂t∂x3

∣∣∣
x=l−at

.

Âûïîëíåíèå ýòèõ ñîîòíîøåíèé ïðèâîäèò ê äîïîëíèòåëüíûì óñëîâèÿì ñîãëàñîâàíèÿ (8). Ïîêà-
æåì, êàê ïîëó÷àþòñÿ ýòè óñëîâèÿ. Ðàññìîòðèì óñëîâèå íåïðåðûâíîñòè ôóíêöèé u0 è u1 íà x+at = l:

(u0 − u1)(t, l − at) = ϕ0(l)− ν1(0) + t
[
aν2(0) + ϕ1(l)− ν′1(0)− aϕ′0(l)

]
+

+
1

2
t2
[
−2a

l2

(
3aµ1

( l
a

)
+ alµ2

( l
a

)
− 3aν1(0) + 2alν2(0)−lµ′1

( l
a

)
− 2lν′1(0)

)]
+

+
1

2
t2
[
ϕ2(l)− 2aϕ′1(l) + a2ϕ′′0(l)

]
+

1

6
t3
[
ϕ3(l)− 3aϕ′2(l) + 3a2ϕ′′1(l)− a3ϕ

(3)
0 (l)

]
+

+
1

6
t3
[6a2

l3

(
2aµ1

( l
a

)
+ alµ2

( l
a

)
− 2aν1(0) + alν2(0)− lµ′1

( l
a

)
− lν′1(0)

)]
.

Äàííîå ñîîòíîøåíèå èìååò âèä A+Bt+Ct2 +Dt3. Ïðåîáðàçóåì åãî ñ ó÷åòîì óñëîâèé ñîãëàñîâàíèÿ
(6)�(7). Ýòî óñëîâèå íåïðåðûâíîñòè ïðèìåò âèä

(u0 − u1)(t, l − at) =

=
1

2
t2
[
−2a

l2

(
3aµ1

( l
a

)
+ alµ2

( l
a

)
− 3aϕ0(l)− 2lϕ1(l) + 2alϕ′0(l)− lµ′1

( l
a

))]
+

+
1

2
t2
[
ϕ2(l)− 2aϕ′1(l) + a2ϕ′′0(l)

]
+

1

6
t3
[
ϕ3(l)− 3aϕ′2(l) + 3a2ϕ′′1(l)− a3ϕ2(l)

]
+

+
1

6
t3
[6a2

l3

(
2aµ1

( l
a

)
+ alµ2

( l
a

)
− 2aϕ0(l)− lϕ0(l)− lµ′1

( l
a

)
− al2ϕ′0(l)

)]
.

Äàëåå, ó÷èòûâàÿ ëèíåéíóþ íåçàâèñèìîñòü ôóíêöèé 1, t, t2, t3, ïîòðåáóåì, ÷òîáû êîýôôèöèåíòû ïðè
t è t2 îáðàùàëèñü â íóëü. Ïîëó÷àåì ïåðâûå äâà óðàâíåíèÿ ñèñòåìû

ϕ2(l)− 2aϕ′1(l) + a2ϕ′′0(l)− 2a

l2

(
3aµ1

( l
a

)
+ alµ2

( l
a

)
− 3aϕ0(l)− 2lϕ1(l) + 2alϕ′0(l)− lµ′1

( l
a

))
= 0,

ϕ3(l)− 3aϕ′2(l) + 3a2ϕ′′1(l)− a3ϕ2(l) +
6a2

l3

(
2aµ1

( l
a

)
+ alµ2

( l
a

)
− 2aϕ0(l)− lϕ1(l)− lµ′1

( l
a

)
−

−al2ϕ′0(l)
)

= 0.

Àíàëîãè÷íî ðàññìàòðèâàþòñÿ âñå îñòàâøèåñÿ ñîîòíîøåíèÿ. Êàæäîå ñîîòíîøåíèå çàïèñûâàåò-
ñÿ â âèäå ïîëèíîìà òðåòüåé ñòåïåíè, ó÷èòûâàÿ âèä ðåøåíèé (9), (10). Çàòåì åãî êîýôôèöèåíòû
óïðîùàþòñÿ çà ñ÷åò óñëîâèé (6), (7), ïîñëå ÷åãî îíè ïðèðàâíèâàþòñÿ ê íóëþ. Ïîëó÷àåòñÿ ñèñòåìà
óðàâíåíèé, êîòîðóþ ðåøàåì îòíîñèòåëüíî µ(i)

1 (l/a), i = 0, 5, µ(i)
2 (l/a), i = 0, 4, ν(5)

1 (0), ν(4)
2 (0). Åå ðå-

øåíèå è åñòü óñëîâèÿ (8). Óñòîé÷èâîñòü ðåøåíèÿ u0 ïî ϕj , j = 0, 1, 2, 3, â Q(0) è u1 ïî µi, νi, i = 1, 2,
â Q(1) íåïîñðåäñòâåííî ñëåäóåò èç ôîðìóë (9) è (10). Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Â ïðîöåññå ðåøåíèÿ ñìåøàííîé çàäà÷è (1)�(4) èñïîëüçîâàëèñü ñðåäñòâà êîìïüþ-
òåðíîé àëãåáðû � ñèñòåìà Mathematica 11: äëÿ ïðîâåðêè ðåøåíèé u0, u1 è ïðîâåðêè äîïîëíèòåëüíûõ
óñëîâèé ñîãëàñîâàíèÿ (8).

Çàêëþ÷åíèå. Â ðàáîòå ïîñòðîåíî åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå ñìåøàííîé çàäà÷è â ïî-
ëóïîëîñå äëÿ ëèíåéíîãî íåñòðîãî ãèïåðáîëè÷åñêîãî îäíîðîäíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà,
îïåðàòîð êîòîðîãî ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå îäèíàêîâûõ îïåðàòîðîâ ïåðâîãî ïîðÿäêà. Ïî-
ëó÷åíû äîñòàòî÷íûå òðåáîâàíèÿ ãëàäêîñòè âõîäíûõ äàííûõ è äîñòàòî÷íûå óñëîâèÿ ñîãëàñîâàíèÿ
ãðàíè÷íûõ óñëîâèé ñ íà÷àëüíûìè óñëîâèÿìè è óðàâíåíèåì.

Áëàãîäàðíîñòü. Àâòîðû âûðàæàþò áëàãîäàðíîñòü äîêòîðó ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ïðîôåññîðó Ëîìîâöåâó Ôåäîðó Åãîðîâè÷ó çà âíèìàòåëüíîå çíàêîìñòâî ñ ðóêîïèñüþ ñòàòüè è ñäå-
ëàííûå öåííûå çàìå÷àíèÿ.
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